Spaces of orderings provide an abstract framework in which to study spaces of orderings of formally real elds. Spaces of orderings of nite chain length are well understood 9] 12]. The Isotropy Theorem 12] and the extension of the Isotropy Theorem given in 13] are the main tools for reducing questions to the nite case, and these are quite e ective. At the same time, there are many questions which do not appear to reduce in this way. In this paper we consider four such questions, for a space of orderings (X; G).
that a positive answer to Question 1 would automatically imply a positive answer to the other three questions.
Thanks are due to M. Coste whose question provided the initial motivation for the project and to L. Br ocker and M. Dickmann for the useful insights they provided.
Preliminaries
Throughout, (X; G) denotes a space of orderings. Several equivalent descriptions are available 1] 6] 15]. Generally speaking, we follow the notation laid down in 15]. X 6 = ; is a Boolean space, i.e., it is compact, Hausdor and totally disconnected. G is a group of continuous functions from X to the group f1; ?1g which contains the constant function ?1 and separates points in X. Clopen sets in X are referred to as constructible sets. Sets of the form U(a 1 ; : : : ; a n ) := fx 2 X j a i (x) = 1; i = 1; : : : ; ng; a 1 ; : : : ; a n 2 G are called basic constructible. They form a basis for the topology on X.
The example to keep in mind is the space of orderings (X; G) of a (formally real) eld F. Here, X is the topological space of orderings P of F and G consists of the functions P 7 ! sgn P ( ), 2 F, 6 = 0. In real algebraic geometry 1] 3] 15], one is especially interested in the case where F is a function eld over a real closed eld.
A form with entries in G is an n-tuple = ha 1 ; : : : ; a n i, a 1 ; : : : ; a n 2 G, n 1. The dimension of is n. The signature of at x 2 X is (x) = P n i=1 a i (x). The form operations ;
; and a ; a 2 G are the standard ones; see 15] . For` 1, := (`times): An n-fold P ster form is a form of the type n i=1 h1; a i i, a 1 ; : : : ; a n 2 G. The total signature of a form is the function^ : X ! Z de ned by^ (x) = (x). The Witt ring Witt(X; G) of (X; G) is the subring of Cont(X; Z) consisting of all^ , a form with entries in G. If^ By a fan V in X we mean a subspace (V; Gj V ) of (X; G) which is a fan.
We recall the Representation Theorem for Witt(X; G): 1.5 Isotropy Theorem. For a form with entries in G, the following are equivalent:
(1) is isotropic.
(2) j Y is isotropic for each nite subspace (Y; Gj Y ) of (X; G).
Proof. Examples of formulas in this language that can be expressed in pp form are` = '
(isometry of forms),`a 2 D( )' (containment in the value set) and` is isotropic' (isotropy). This is an easy consequence of the inductive description of isometry: ha 1 ; : : : ; a n i = hb 1 ; : : : ; b n i , 9a; b; c 3 ; : : : ; c n 2 G such that ha 2 ; : : : ; a n i = ha; c 3 : : : ; c n i; ha 1 ; ai =hb 1 ; bi and hb 2 ; : : : ; b n i = hb; c 3 ; : : : ; c n i; for n 3, and the corresponding inductive description of value sets: b 2 Dha 1 ; : : : ; a n i , 9c 2 G such that b 2 Dha 1 ; ci and c 2 Dha 2 ; : : : ; a n i; for n 3; see 15, Th 2.2.3].
The following question arose from conversations with M. Dickmann; also see 6].
Question 1. Is it true that every pp formula P(a) with parameters a in G which holds in every nite subspace of (X; G) necessarily holds in (X; G)? According to the Isotropy Theorem, the pp formula` is isotropic' has this property. By Extended Isotropy Theorem, the pp formula`9t
property. This suggests that, even if the answer to Question 1 is`no' in general (which seems very likely) it is still important to know more about the sorts of pp formulae (and also the sorts of spaces of orderings) for which the answer is`yes'. Note: A pp formula which holds for (X; G) also holds for any subspace of (X; G). Also, the subspace generated by a nite number of nite subspaces is itself nite. Consequently, if a nite disjunction of pp formulas W n j=1 Q j (a) is known to hold on each nite subspace, then there exists j 2 f1; : : : ; ng such that Q j (a) holds on each nite subspace.
Example. (Dickmann)
The statement`there exists t 1 2 G such that t 1 6 = 1 and Dh1; t 1 i = f1; t 1 g' is expressed by the formula 9t 1 (t 1 6 = 1)^8t 2 (t 2 2 Dh1; t 1 i ) (t 2 = 1 _ t 2 = t 1 )):
This holds for all nite subspaces of (X; G) but does not hold for (X; G) in general. For example, if (X; G) has stability index 1, then it holds for (X; G) i X has isolated points. This example shows that there is no hope to replace`pp formula' bỳ elementary formula' in Question 1.
2.2 Proposition. If P(a) is a pp formula with parameters a in G which does not hold for (X; G), then there is a minimal subspace (Y; Gj Y ) of (X; G) such that the restricted formula does not hold in (Y; Gj Y ).
Proof. Suppose P(a) has the form 9t^n j=1 (p j (t) 2 Dh1; q j (t)i). If fY i j i 2 Ig is a chain of subspaces of (X; G) such that the restricted formula does not hold in 2.3 Proposition. The class of spaces of orderings to which the answer to Question 1 is`yes' contains all spaces of stability index 1 and is closed under direct sum and group extension. In particular, it contains all spaces of nite chain length. Proof. The second assertion follows from the rst using the structure theorem for spaces of nite chain length. Since the direct sum construction allows us to paste, the assertion concerning direct sums is clear. Suppose (X; G) is a space of orderings of stability index 1 and P is a pp formula which does not hold in (X; G). Applying Proposition 2.2, we can assume P holds on every proper subspace of (X; G). If jXj 2 then there exists b 2 G, b 6 = 1. Then P holds on (U(b); Gj U(b) ) and (U(?b); Gj U(?b) ).
Since the stability index is 1, (X; G) is the direct sum of these two subspaces so P holds on (X; G), a contradiction.
Suppose (X; G) is a group extension of (X; G) and P is a pp formula which does not hold in (X; G). Since the set of parameters appearing in P is nite, we can assume G=G is nite and, by induction, that G = G f1; cg. Say P is 9t V n i=1 (p i (t) 2 Dh1; q i (t)i, t = (t 1 ; :::; t m ). Then, for each , by substituting, we obtain a pp formula P with parameters in G and, moreover, this formula does not hold in (X; G). Thus we have some nite subspace (Y ; Gj Y ) of (X; G) such that P does not hold in (Y ; Gj Y ). The union of the Y is a nite set so it generates a nite subspace (Y ; Gj Y ) of (X; G), and none of the P hold in (Y ; Gj Y ). Finally, if (Y; H) is the group extension of (Y ; Gj Y ) determined by the group f1; cg, then (Y; H) is naturally identi ed with a subspace of (X; G) and P does not hold in this subspace.
We also note the following: Question 2. Suppose a continuous function f : X ! Z satis es P x2V f(x) 0 mod jV j for all nite fans V in X with jV j 2 n for some xed integer n 1. Does there exist a form with entries in G such that f ?^ 2 Cont(X; 2 n Z)?
For n st(X; G), the answer to Question 2 is obviously`yes'. By the Representation Theorem, f =^ for some form , so f ?^ = 0 2 Cont(X; 2 n Z). We also have the following:
Proposition. (See 2])
The answer is to Question 2 is`yes' if n = 1 or 2. Consequently, the answer is`yes' for all n 1 if st(X; G) 3. Proof. If n = 1, the assumption for 2-element fans just says that f has constant parity. If the parity is even, take = 0, the 0-dimensional form. If the parity is odd, take = h1i. Suppose now that n = 2. Denote by g the truncation of f modulo Cont(X; 4Z), i.e., for each x 2 X, g(x) f(x) mod 4, 0 g(x) < 4. Suppose rst that f has even parity (so g(x) = 0 or 2 for all x 2 X). Applying Corollary 1.2 to g ?1, we see that g =^ with of the form h1; ai, a 2 G. Similarly, if f has odd parity (so g(x) = 1 or 3 for all x 2 X) then, working with g ? 2 instead of g ? 1, we see that g =^ with of the form h1; 1; ai, a 2 G. 3.2 Proposition. The class of spaces of orderings for which the answer to Question 2 is`yes' is closed under direct sum and group extension. In particular, it contains all spaces of orderings of nite chain length. Proof. The second assertion follows from the rst using the structure theorem for spaces of nite chain length. If (X; G) is a direct sum and the result holds for each summand, then it obviously holds for (X; G). Suppose now that (X; G) is a group extension of (X; G) and the result holds for (X; G). Since f is continuous there exists an intermediate group extension (X 0 ; G 0 ) of (X; G) such that G 0 = G with nite and f factors through X 0 . In this way, we are reduced to the case where G = G , nite. By induction on k where 2 k = j j, we can reduce further to the case where j j = 2, say = f1; ag. By the assumption on 2-element fans, f has constant parity, so f decomposes as f = f 1 + a(f 2 ) where f i : X ! Z is continuous, i = 1; 2 and : X ! X is the projection. For any fan V in X, if jV j 2 n , then, looking at the extension of V to X via a(x) = 1, we see that P x2V (f 1 (x) + f 2 (x)) 0 mod jV j.
Thus we have a form 1 with entries in G representing f 1 + f 2 modulo 2 n . Also, for any fan V in X with jV j 2 n?1 , V extends to a fan of twice the size in X, and this yields P x2V f 1 (x) 0 mod jV j so we have a form 2 with entries in G representing f 1 modulo 2 n?1 . The form = a 1 h1; ?ai 2 represents f modulo 2 n . 3.3 Corollary. For any nite space of orderings (X; G) with st(X; G) k and any continuous f : X ! Z satisfying P x2V f(x) 0 mod jV j for all nite fans V in X with jV j 2 n , there exists a form with entries in G such that f ^ mod Cont(X; 2 n Z), dim( ) 2 n+k?2 .
Note: We do not claim the bound 2 n+k?2 is best possible. Proof. This follows from the proof of Proposition 3. Question 3. For n 1, is it true that Cont(X; 2 n Z) \ Witt(X; G) = I n (X; G)?
The answer to Question 3 is known to be`yes' in the same cases mentioned above for Question 2 (see Proposition 3.1 and Proposition 3.2). In 7], Dickmann and Miraglia apply Voevodsky's results to show that the answer to Question 3 is`yes' for the space of orderings of a eld. In view of this there is some feeling it may be possible to apply similar techniques to resolve Question 2. At present there is no analog of the Voevodsky results for abstract spaces of orderings.
Since ha; bi = ah1; abi, any form with^ 2 I n (X; G) is expressible as a 1 1 a k k with a i 2 G and i an n-fold P ster form, i = 1; : : : ; k. In 8], Dickmann and Miraglia introduce the so-called P ster indices n;m (X; G) of a space of orderings (X; G). n;m (X; G) is de ned to be the least k such that every form of dimension m which is such that^ 2 I n (X; G) is expressible in this way (or 1 if no such nite k exists). Question 3 0 . For a space of orderings (X; G), are the P ster indices n;m (X; G) necessarily nite?
In 8] a hierarchy of examples are given where this is indeed the case and, moreover, where there is an upper bound for n;m (X; G) of the form c m n?1 , where the coe cient c depends polynomially on the level of (X; G) in the hierarchy. If the answer to Question 3 is`yes' for every space of orderings then the same is true for Question 3 0 and, moreover, there is a uniform bound (n; m) for n;m (X; G) independent of the space of orderings (X; G). In fact, this holds for any class of reduced special groups which is closed under formation of ultraproducts 8, Th 1.5]. In particular, for spaces of orderings of elds, using the resolution of Question 3 in the eld case, there is a uniform (even recursively de ned) bound (n; m) for n;m (X; G) which is independent of the eld 8, Cor 1.6].
For the relationship between Question 1 and Question 3 we use:
4.1 Proposition. There is a function : N N ! N such that, for any space of orderings (X; G) of nite chain length and any m-dimensional form such that^ 2 Cont(X; 2 n Z), there exists k (n; m) such that c 1 1
an n-fold P ster form, i = 1; : : : ; k. Proof. Since any space of orderings of nite chain length is the space of orderings of a Pythagorean eld 5], this is immediate from the Dickmann-Miraglia result. There is also a direct elementary proof, avoiding the use of Voevodsky's results, which we now sketch: Suppose (X; G) has nite chain length and is a form of dimension m. Using the structure theorem for spaces of orderings of nite chain length, it is possible to construct a nite quotient space (X ; G ) of (X; G) 10] such that has entries in G and (X ; G ) has stability index at most m. The result follows, applying 8, is also`yes'. Moreover, we have the bound (n; m) for the P ster indices, exactly as in the eld case.
Proof. Let be a form of dimension m such that^ 2 Cont(X; 2 n Z). By Proposition 4.1, for k = (n; m), the pp formulà a 1 1 a k k for a i 2 G; i an n-fold P ster form; i = 1; : : : ; k' holds in every nite subspace of (X; G). Suppose C is a constructible set in X, where (X; G) is a space of orderings. A separating family for C is a nite subset fa 1 ; :::; a n g of G such that C is a union of sets of the form U( 1 a 1 ; : : : ; n a n ), ( 1 ; : : : ; n ) 2 f?1; 1g n 14]. Denote by #sf(C) the minimal n 0 such that C has a separating family with n elements. Denote by t(C) the least integer n 0 such that C is expressible as a union of n basic constructible sets. Br ocker's t-invariant is the maximum of the t(C), C running through the constructible sets of X (or 1, if no such maximum exists).
Suppose st(X; G) = s 1 Suppose now that (X; G) is a group extension of (X; G) by a group of order 2 and the answer is`yes' for (X; G). For any a 2 GnG, (U( a); Gj U( a) ) = (X; G) has stability index s ? 1 so C \ U( a) has separating depth s ? 1 in (U( a); Gj U( a) ), = 1; ?1. Thus C has separating depth s on (X; G). Moreover, for d 2, is given recursively by = 1 h1; ai 2 h1; ?ai; where a 2 G is such that C \ U( a) has separating depth d ? 1 in (U( a); Gj U( a) ), = 1; ?1 and 1 j U(a) (resp., 2 j U(?a) ) is the corresponding form for C \ U(a) in (U(a); Gj U(a) ) (resp., for C \ U(?a) in (U(?a); Gj U(?a) )).
(2) Thus, if d = s, then = , so we know much more about the form . Conversely, to prove d s (or even something a bit weaker), we should be analyzing the form in more detail. Do the sign conditions satis ed by force it to decompose in some special way? 5.6 Proposition. If (X; G) is a space of orderings with stability index s and C is a constructible set in X, then the statement`d(C) s' can be expressed as a pp formula. Proof. Express C as a disjoint union of basic sets: C = C 1 ::: C r ; C i = U(a i1 ; :::; a is ); i = 1; : : : ; r: 
